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We model loss by introducing extra beam-splitters into
the channel or in front of the detector, discarding pho-
tons in the vertical arm. The schematic representation
of this scheme is in Fig. 1. The parameter  is the am-
plitude eÆciency of the beam-splitter, while 
2
being its





FIG. 1: The non-perfect measurement scheme: the beam-
splitter (BS) determines the nite eÆciency as 
2
.
Assume that the input signal is the thermal state (3),
with vacuum coming into the second input of the beam-



















This is again a thermal state with the mean photon num-
ber shifted by a factor of 
2
. The mutual information for
the input A and output B is
I





















































We observe in Fig. 2 that the mutual information de-
creases for nite loss of photons. In particular a small
amount of loss near perfect detection results in a signi-
cant decrease of the mutual information, while the loss of
mutual information is almost linear in the low eÆciency
regime  0:5. This implies that small improvement of
eÆciency of photon detection in the eÆciency regime of
the current technology cannot be expected to bring sig-
nicant increase in the channel capacity.
Now we model near{ideal homodyne measurements to
compare with the non{perfect photon counting detection




















FIG. 2: The mutual information of the non-perfect measure-
ment scheme is plotted for the mean photon number of one.
This curve shows that slight loss of eÆciency near perfect
detection can cause reduction in the mutual information.
scheme. As we have discussed above, such a measure-
ment can achieve a very high eÆciency because the de-
tectors operate in their linear regime, hence as a rst
approximation we will treat the measurement as perfect.
Our detection scheme here is based on dual homodyne
detection, which can be used to simultaneously detect
both quadrature-phase amplitudes of the light, of which











FIG. 3: The dual homodyne measurement scheme: each gray
box shows a homodyne detection to measure a quadrature-
phase amplitude of the light. In the dual homodyne measure-
ment scheme, the horizontal arm measures its position while
the vertical arm measure the momentum.
Suppose that a number state comes into the channel
as input signal and vacuum comes into the rst beam
splitter as its second mode. This species the input A as
jni 
 j0i, simply denoted as jn0i
A
. Similarly the output
B gives jXP i
B
as the output state. The probabilitymea-
suring both position X and momentum P at the output
B, the input A being specied by the state jn0i
A
, is given































where jki is a number state and jXi (or jP i) is a po-





































Employing a pair of parameters (u; v) = (X iP;X+iP ),
























Clearly, the probability P
(X;P )jn





), we hence change the variables to the
polar coordinate, (I
1=2
















Thence we integrate the probability over the angle 

















Consider statistics of input states, this quantity P
Ijn
becomes a conditional probability of a given input photon
number n. Hereby we calculate the probability distribu-
tion at the output for the thermal input state of a mean
photon number n, so as to evaluate this scheme in a com-
parison to the previous photon counting. The probability



















The probability is characterized by the mean photon
number n of the input state. These probabilities allow
us to calculate the mutual information between A and
B with this dual detection scheme. For this scheme, the
mutual information I
hd
(A : B) is obtained as
I
hd











where  = 0:5772 : : : is the Euler's gamma. We note
here that we can replace the dual homodyne measure-
ment scheme to a hetrodyne measurement. [7, 8]
We now introduce a measure of eÆciency for the dual
homodyne measurement. There are a number of possi-
ble ways to evaluate eÆciency of detection schemes. A
measure of eÆciency we rst introduce here is based on
the photon detection with nite eÆciency. We obtain an
eÆciency of the non-perfect photon counting, of which
mutual information is equivalent to mutual information
given by the dual homodyne measurement scheme. We
call this eÆciency as the equivalent eÆciency of the ho-











In other words, the photon detection eÆciency is required
to be the equivalent eÆciency so that the photon detec-
tion can achieve the channel capacity by the dual homo-
dyne detection. This eÆciency is obviously dependent
on the mean photon number n. For instance, the quan-
tum eÆciency of the dual homodyne measurement for




' 0:327. We show the
equivalent eÆciency for other mean photon number in
Fig. 4. The region of 0.1 to 1 order of the mean photon
number n is the most sensitive to the mean photon num-
ber in the growth of eÆciency 

2
. For a smaller mean
photon number, although a small gain of information is
enough to increase the eÆciency, the mutual information
I
hd
(n) Eq. (12) does not much gain by making the mean
photon number larger. In a comparison to this, for a
larger mean photon number, a much larger mean photon
number is required to gain a better eÆciency due to the
property of the mutual information function I

.

















FIG. 4: The equivalent eÆciency 

2
determined by Eq. (13)
in the semi-log scale of mean photon number.
Another measurement we employ here is a ratio R of




for the same mean




. This ratio is to see
what proportion of the maximum information the dual
homodyne measurement can achieve. The ratio R is di-
rectly calculated from Eqs. (2) and (12) and is shown in
Fig. 5 as a function of the mean photon number n. For a




however this tendency of saturation appears more slowly
than seen in Fig. 4. These gures also show that the
equivalent eÆciency is higher than the ratio of the two
mutual information, which is due to the reduction of the
mutual information with non-perfect photon detection as
shown in Fig. 2. With non-perfect detection, the mutual
information loss is biased to be lower, and this property
of the nite eÆciency photon detection allows the homo-
dyne measurement detection to obtain higher equivalent






















































plotted in the semi{log scale of mean photon number.
For an input alphabet of photon-number states, it is
clear that schemes based upon homodyne measurement
cannot be expected to perform as well as ideal direct
photon detection. Nonetheless, such ideal direct pho-
todetectors are not currently technologically realistic, es-
pecially at communications wavelengths. By contrast,
since homodyne detectors may be operated in the detec-
tor's `linear' regime a signicantly higher quantum ef-
ciency is readily available for them. We have found
that replacing ineÆcient direct detectors with homodyne-
based simulated direct detectors can yield reasonable im-
provements, even near the single-photon level of opera-
tion. In this paper, we have shown that this improve-
ment is theoretically possible for the purposes of classical
communication through a single-mode bosonic channel.
Our analysis used a communication alphabet of photon-
number eigenstates, which were thus optimized for (ideal)
direct detection schemes. This choice is strongly prej-
udiced towards direct detection and against our homo-
dyne scheme. Thus, our estimate of equivalent eÆciency
is likely to be an underestimate of the performance of
homodyne-based schemes in general. If instead, we had
optimized the input alphabet for homodyne detection,
we would have seen a signicant improvement in capac-
ity [2]. However, since this capacity is very likely to
be larger than that possible for the imperfect direct de-
tection schemes our strategy for computing a gure of
`equivalent eÆciency' would not be applicable.
Another aspect that is missing from the analysis given
here, is a detailed consideration of error correction cod-
ing schemes that would be required to achieve the perfor-
mance promised by Shannon's measure of communication
throughput, namely, the mutual information. In general,
more complicated encoding will be required to achieve
the information transfer given by this measure.
Finally, it remains to be considered whether the ap-
proach studied here really has any applicability to ei-
ther quantum communication or computation. The max-
imum 50% equivalent eÆciency of the simulated pho-
ton detection here might rule out these possibilities for
detecting quantum information represented within dis-
crete photonic Hilbert spaces. Thus, if we hope to use
these ideas beyond classical communication this low ef-
ciency implies that discrete Hilbert spaces will need to
be abandoned. This suggests using homodyne detectors
within some kind of continuous quantum variable sce-
nario. For such variables a generalized Gottesman-Knill
theorem has been derived [9]. This theorem states, un-
der relatively mild assumptions, that quantum compu-
tational circuits consisting of gate operations made from
quadratic Hamiltonians and homodyne-based measure-
ments can be eÆciently simulated on a classical com-
puter. Further, including direct photodetection is suf-
cient to provide these circuits with the capability to
perform universal quantum computations [10]. This ob-
servation suggests that our particular simulation strategy
cannot be improved arbitrarily. For if homodyne-based
measurements (and linear optics) could come arbitrarily
close to simulating photocounting with only a polynomial
number of components then a universal quantum com-
puter could be simulated classically in polynomial time
by this above theorem, which would imply BQP = BPP.
This outrageously unlikely outcome suggests that simu-
lating direct detection using homodyne detectors must
have limited eÆciency.
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